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Abstract—The compressible laminar boundary-layer flow over a semi-infinite isothermal flat plate in
nearly quasi-steady motion with a special form of surface mass flux, gyW/p,, U(f) = « Re™*, has been
studied, and results of skin friction and heat transfer have been reported and discussed here with particular
emphasis on effects of plate accelerations.

The results reveal that acceleration increases skin friction for both the case of suction and the case of
blowing. For heat transfer, it is found that for a cold plate at high Mach numbers, acceleration produces a
cooling effect on a suction plate and a heating effect on a blowing plate. On the contrary, for a hot plate
at low Mach numbers, acceleration heats a suction plate and cools a blowing plate. For both skin friction
and heat transfer the effect of flow unsteadiness is much stronger for flow with blowing than with suction.

ho,hl,...,

NOMENCLATURE

constant in the viscosity-tem-
perature relationship, u/0 =
C#oo//eoo;

dimensionless skin friction co-
efficient, 7,,/3p, U?;

specific heat of the gas at
constant pressure, (a constant) ;
dimensionless stream function,
equation (4);

quasi-steady part of f, equa-
tion (5);

successive expansions of f
equation (5);

temperature function, equa-
tions (9)and (10);

quasi-steady part of h, equa-
tion(11.1);

successive expansions of h,
equation(11.1);

thermal conductivity of the
gas;

Prandt! number;
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4,
Re(x, 1),
r,
S7
S,

So,sl,...,

x,y. 0,

50’ ély 523 ce

L}

heat flux ;

Reynolds number, xU/v;
recovery factor ;

temperature function, equa-
tions(9)and (10);

quasi-steady part of s, equa-
tion(11.2);

successive expansions of s,
equation (11.2);

spatial and temporal coordin-
ates, (fixed with respect to the
plate);

Howarth transformations of
(x, y, t), see equation (1);
velocity vector corresponding
to(x, y);

plate velocity (in the negative
x direction);

aconstant of order unity ;
specific heats ratio of the gas
(aconstant);

parameters characterizing flow

unsteadiness,
‘C"+ 1 dn +1

= g ge U0
n=0,1...;
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0, temperature ;

G, dimensionless  temperature,
equation (9);

I dynamic viscosity ;

A kinematic viscosity ;

P density :

T similarity variable, 1 Y(U, xv)?

/3 stream function ;

T shear stress ;

A#, prescribed temperature differ-

ence.0, — 0.

Subscripts
20, conditions of ambient gas ;
W, conditions at the surface of the
plate;
aws, adiabatic wall at quasi-steady
condition.

1. INTRODUCTION

Tuis paper reports a simplified study on the
combined effects of flow unsteadiness and sur-
face mass transfer on compressible laminar
boundary-layer flows. It is believed that the
results obtained bear some relevance to the
important practical problem of the design of
certain high-speed vehicles, e.g. missiles or
rockets, which fly at continuously varying
speeds.

A simple generalization of the Moore-
Ostrach [1, 2] approach to unsteady boundary
layers is made to allow for a specific surface
mass distribution. A semi-infinite, isothermal,
flat plate moving in its own plane with a con-
tinuously varying (otherwise arbitrary) velocity
U(¢) is chosen for the study. The flow is assumed
to be nearly quasi-steady, and the gas is assumed
to be calorically perfect with a linear relation-
ship between viscosity and temperature. The
surface mass flux is of such a form that the
requirement for the existence of similarity
solutions in steady flow is met. Results presented
here are based on a constant Prandt] number of
0-72. This work may serve to link the earlier
work of Low [3] on steady similarity blowing
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to the works of Moore and Ostrach on unsteady
boundary layers without mass transfer.

The analysis follows very closely that used by
Moore and Ostrach. Only the results on skin
friction and heat transfer will be reported here,
and the readers are referred to Zien [4] or
[1, 2] for detailed results and analysis.

2. ANALYSIS
A stream function. ¥, is introduced, following
Moore[1], such that the unsteady continuity
equation is satisfied. Then Howarth transforma-
tions

¢

X = x, T=t, Yzjﬁ- dy n

P
0

are used to reduce the equation of motion to
incompressible form. We only note that the
velocity components, (u,v), in the plate-fixed
coordinates have the following expressions after
transformations

U=y 2.1
and
pY = pyo, + pool//X(X’O’ T)
—puly +uY, + Y. (22)

If the surface mass flux, p, v, is put into the
following form:

Puly = = P¥:(X.0,T)
then equation (2.2) reduces to
pr = — p¥x + u¥, + )
For nearly quasi-steady flows. we write ¢ as
WX, Y. T)= [vXUMD* flo: ¢ $1. 8o )0 (D)

where ¢ is the Blasius variable and &’s are para-
meters which form a diminishing sequence in
nearly quasi-steady flows. Expanding fin terms
of &’s [1], we have

f = F(0) + &folo) + £.fil0) + Cafal0)

3)

+ ...+ Efpolo) + ... (5)
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Successive ordinary differential equations for
F, fo, /1, etc., can thus be obtained. The boundary
condition, equation (3.1), now takes the follow-
ing form:

— P Rel, = HFO) + 3¢afil0)
+ 5600 +...1.  (6)
We consider here only the case in which
F0) = — 20 = const. (7.1)
and
[0)=0n=0,1,2,... (7.2)

Therefore we are restricted to a rather specific
form of surface mass flux which varies with the
plate speed, U(T), as well as with X. Explicitly,
it is required that

Pt (v}
p U (UX ‘

We remark here that the resulting systems of
differential equations for F and f’s, except for
boundary condition F(0), are exactly the same
as those given by Moore [1]. The effect of sur-
face mass flux enter into the system only through
the boundary condition, equation (7.1).

Next we consider the temperature field which
is decoupled from velocity field by the assump-
tion of linear variation of viscosity with tempera-
ture. The treatment of the energy equation
which governs the temperature field is entirely
analogous to that used by Ostrach [3]. We shall
only outline briefly the procedure here.

First, a dimensionless temperature, @, defined
by

)

0—0,
9, — 0,

isintroduced, and we write
0 (0. T;¢,) = Wo; &)

U*(T) _
+ 3CHe, = em)S(a, )

Next, h and s are expanded in terms of £’s.

@ 9

(10)
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Thus,
h = H(g) + &oholo) + £1hi(o)

+ oot Ehgole) + ... (11.1)
s = 8(a) + &o80(0) + £154(0)

+ .o+ Eseola) + ... (112)

Finally systems of equations for H, hy, hy, S,
So» Sy, €tc., are obtained. They are identical in
form to those of Ostrach [2], including all the
boundary conditions. The effect of surface mass
flux enters implicitly into the temperature dis-
tribution only through the velocity functions
F, fo, f1, etc., which now appear as coefficients
of the successive differential equations for the
temperature.

The nine systems of ordinary differential
equations for F, f,, f1, H, hy, by, S, sp and s, are
then solved numerically on the Univac 1108
computer at the Case Western Reserve Uni-
versity, for « ranging from —10 to 0-6. Since
the boundary layer is near blow-off as « gets
close to o, (=0-619, see [5]), difficulties with
regard to the convergence of F begin to manifest
for o close to a. Higher-order solutions with
o > 05 contain certain nonuniformity, and
therefore have only limited physical significance.

3. RESULTS AND DISCUSSION
Complete numerical results of various pro-
files to order £; can be found in Zien [4], and
we shall only discuss the results of skin friction
and heat transfer here.

3.1 Skinfriction
The skin friction coefficient, C, is given by

C, = Re™HF"(0) + &ofy"(0)
+EAO) +...]. (1)

Figure 1 illustrates the behavior of skin
friction as a function of a. The quasi-steady part,
F"'(0), needs no comment, and we only note that
the result reduces correctly to that of the asymp-
totic suction case for large suctions. The con-
tribution of plate acceleration is represented by
Jo”. It is positive for all « and its magnitude



(0), ~£"(0)

[
°

FU o, 7

=

F1G. 1. Quantities related to skin friction [equation (12)].

increases with increasing «, indicating that plate
accelerations tend to increase instantaneous
local skin friction, and that the effect is more
pronounced in the blowing case than in the
suction case. The contribution of &,, ~ f;"(0).
is negative for all «, and its magnitude also in-
creases with increasing o.

3.2 Heat transfer
The instantaneous heat flux from the fluid
to the plate, —4,,.is given by

.11 (A0
—qu=f2' ;.T((jpaoo)((:poo/"oo[]/)()2 {—— [H (0)

s
+ Eoho(0) + E RO + ... ]

-1
+ 7’__2__, M2, [S10) + &os)

+ £,5010).. .17, (13)

Quantities related to heat transfer are shown
in Figs. 2 and 3 as functions of «.

The results for the case of a hot plate with
tow M will first be discussed (Fig. 2). Here the

TSE-FOU ZIEN

contribution to heat flux comes mainly from
the static temperature difference, A6/0,. The
quasi-steady results, ~ H'(0), indicate that heat
flows from the plate to the fluid for both suction
and blowing, and that its magnitude decreases
from suction to blowing. The effect of accelera-
tion, ~ ho{0), is to heat a suction plate and to
cool a blowing plate. The behaviour of A}(0)
which relates to the effect of the rate of change
of the plate acceleration, £, is seen to be the
opposite.
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F1G. 2. Quantities related to heat transfer for
A0/8, > (y — DM,

Figure 3 illustrates the heat transfer for the
case of high Mach number flight of a relatively
cold plate (M2 > A8/0,). The quasi-steady
result, ~ §'(0), reveals that heat flows from the
fluid to the plate for both suction and blowing,
and that its magnitude decreases from suction
to blowing. Plate acceleration here has the
effect of cooling a suction plate and heating a
blowing plate, opposite to the previous case.

3.3 Quasi-steady recovery factor
For plates flying at high speeds, the quasi-
steady approximation is usually adequate. The
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F1G. 3. Quantities related to heat transfer for
A8/0, < (y — M2,
dependence of the adiabatic wall temperature,
0, and also the recovery factor, r, on the
parameter o can easily be determined in this
limit. Let 4, =0 in equation (13). 6,,, is
immediately determined as

eaws Y- 1 2
142 1
0. 1+ 5 MZr(), (14)
with
. S0;9)

Figure 4 gives the result of r(a). It should be
pointed out that the results of , due to Low [3]
for « > 0 are reproduced within 0-1 per cent,

10 I T
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FiG. 4. Recovery factor for quasi-steady flows.

and that those for o < 0 are believed to be new.
Note that r_ has a mild maximum in the interval
20 <a< —10.
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TRANSFERT DE CHALEUR LAMINAIRE ET FROTTEMENT SUPERFICIEL SUR UNE
PLAQUE POREUSE EN MOUVEMENT INSTATIONNAIRE

Résumé-—On étudie ’écoulement a couche limite laminaire compressible sur une plaque plane isotherme
semi-infinie en mouvement quasi-stationnaire dans le cas d’un flux massique pariétal de la forme parti-
culiére p,v,/p. Ut) = aR®*~*. Tout en considérant en particulier les effets d’accélération de la plaque,
on donne et discute les résultats concernant le frottement superficiel et le transfert de chaleur. Les résultats
révélent que, dans les cas de succion comme dans ceux de souflage, ’accélération augmente le frottement
superficiel. Si I’'on considere le transfert de chaleur, on remarque que, pour une plaque froide 4 des nombres
de Mach éleves, I’accélération produit un effet de refroidissement sur une plaque avec succion et un effet
d’échauffement sur une plaque avec soufflage. Au contraire, pour une plaque chaude a des nombres de
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Mach bas, I'accélération échauffe une plaque avec succion et refroidit une plaque avec soufflage. Pour le
frottement superficiel et le transfert de chaleur, I'effet d’instabilité de I'écoulement est bien plus important
avec soufflage qu'avec succion.

LAMINARE WARMEUBERTRAGUNG UND WANDREIBUNG AN EINER POROSEN
PLATTE BEI INSTATIONARER BEWEGUNG
Zusammenfassung—Es wird die kompressible laminare Grenzschichtstrdmung iiber eine halbunendliche
isotherme ebene Platte bei nahezu quasistationarer Bewegung mit einer speziellen Form des Oberflidchen-
Massenstroms, ¢, V, /¢, U(t) = Re™* untersucht. Ergebnisse fiir die Wandreibung und den Wirmeiiber-
gang werden gebracht und hier unter besonderer Betonung der Auswirkungen von Plattenbe-
schleunigungen erdrtert.

Die Ergebnisse zeigen, dass Beschleunigung sowohl bei Absaugen wie bei Ausblasen die Wandreibung
erhoht. Fir die Wirmeiibertragung findet man, dass bei kalter Platte und hohen Mach-Zahlen Be-
schleunigung bei Absaugen die Platte kiihlt und bei Ausblasen heizt. Im Gegensatz dazu wird bei heisser
Platte und niedrigen Mach-Zahlen durch Beschleunigung bei Absaugen die Platte geheizt und bei
Ausblasen gekiihlt. Sowohl fiir die Wandreibung wie fiir die Warmeiibertragung ist der Einfluss der

instationdren Bewegung viel stirker beim Ausblasen als beim Absaugen.

JIAMUHAPHLBIA TEIJIOOBMEH 1 NIOBEPXHOCTHOE TPEHUE HA
[IOPUCTON NJACTUHE IIPU HEYCTAHOBUBIIEMCH ABWHKEHNU

Anrnoranus—DBEiI0 pACCMOTPEHO TeyeHNe B CHUMAEMOM JAMMHADPHOM NOIPAHMYHOM CJIO€ HA
MONYOTPaHNYEHHO NJIOCKON H30TePMUYECKOR IUICATHHE NPH NOYTH KBABMCTAUMOHAPHOM
TBUAKEHUM C OTIPESEJEHHEIM MACCOBHIM DACXOAOM HA NOBEPXHOCTH, pwVw/poU(t) = aRY/2;
TpHBENeHH Pe3yJIbTATH BHYMCIEHHNH MOBEPXHOCTHOTO TPEHMA U TErio00MeHa, KOTOpHIe
00CYKIAITCA OTHOCUTENIbHO BIUAHUA YCKODEHHS HA IIACTUHE,

PesyasTaTh TMOKA3aIM, 4TO YCKOPEHME YBEJIUYMBAET IOBEPXHOCTOE TpeHUHEe KaK TpH
OTCaCHBAHMH, TAK M B ciydae BayBa. UTo KacaeTcs Tenaoo0MeHa MOKA3aHO, YTO IS
XOIOAHON NIACTHHH NpK OOXBIIMX uMciIax Maxa ycKOpeHMe BHBLIBAET OXJIAMIEHHE HA
IUIACTHHE C OTCOCOM M HATPERAHMe HA NIacTHHe ¢ BrysoM. HaoGopor, ias ropavei NiacTHHEL
npy MaJIX unciax Maxa, ycKOpeHHe HATPEBAET IIACTHHY C OTCOCOM M OXJIAM/IAeT INIACTHHY
¢ BayeoM. Hak gif NOBEPXHOCTHOTO TPEHUA, TAK M JAJA TerI000MEHA HECTAMOHAPHOCTh

NOTOKA CKASHBAETCH 3HAUMTENLHO CHJIbHeE [JIA TeYEHUs C BAYBOM, YEM C OTCOCOM.



